Int J Theor Phys (2010) 49: 2815-2828
DOI 10.1007/s10773-010-0474-3

Magnetized Bianchi Type III Massive String
Cosmological Models in General Relativity

Hassan Amirhashchi - Hishamuddin Zainuddin

Received: 19 June 2010 / Accepted: 18 August 2010 / Published online: 2 September 2010
© Springer Science+Business Media, LLC 2010

Abstract The present study deals with Bianchi type III string cosmological models with
magnetic field. The magnetic field is assumed to be along z direction. Therefore F\, is only
the non-vanishing component of electromagnetic field tensor F;;. The expansion (0) in the
model is assumed to be proportional to the shear (o). To get determinate solution in term
of cosmic time, we have solved the fields equations in two cases (i) Reddy and (ii) Nambu
string. The physical and geometrical behaviour of these models is discussed.
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1 Introduction

One of the outstanding problems in cosmology today is developing a more precise under-
standing of structure formation in the universe, that is, the origin of galaxies and other large-
scale structures. Existing theories for the structure formation of the Universe fall into two
categories, based either upon the amplification of quantum fluctuations in a scalar field dur-
ing inflation, or upon symmetry breaking phase transition in the early Universe which leads
to the formation of ropological defects such as domain walls, cosmic strings, monopoles,
textures and other “hybrid” creatures. Cosmic strings play an important role in the study
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of the early universe. Cosmic strings are topologically stable objects which might be found
during a phase transition in the early universe [1]. These arise during the phase transition
after the big bang explosion as the temperature goes down below some critical tempera-
ture as predicted by grand unified theories [1-6]. It is believed that cosmic strings give rise
to density perturbations which lead to the formation of galaxies [7]. These cosmic strings
have stress-energy and couple to the gravitational field, it may be interesting to study the
gravitational effects that arise from strings.

The general relativistic treatment of strings was initiated by Letelier [8, 9], and
Stachel [10]. Letelier [8] has obtained the solution to Einstein’s field equations for a cloud
of strings with spherical, plane and cylindrical symmetry. Then, in 1983, he solved Ein-
stein’s field equations for a cloud of massive strings and obtained cosmological models in
Bianchi I and Kantowski-Sachs space-times. Benerjee et al. [11] have investigated an axi-
ally symmetric Bianchi type I string dust cosmological model in presence and absence of
magnetic field. The string cosmological models with a magnetic field are also discussed
by Chakraborty [12]. Tikekar and Patel [13] have discussed some Bianchi type V I string
models with and without magnetic fields. Tikekar and Patel [14], following the techniques
used by Letelier and Stachel, obtained some exact Bianchi III cosmological solutions of
massive strings in presence of magnetic field and also with vanishing magnetic field. Ma-
haraj et al. [15] investigated the integrability of cosmic string in Bianchi type III space-time
using a symmetry analysis and generalized the previous solutions obtained by Tikekar and
Patel [14]. Patel and Maharaj [16] investigated stationary rotating world model with mag-
netic field. Ram and Singh [17] obtained some new exact solutions of string cosmology with
and without a source free magnetic field for Bianchi type I space-time in the different basic
form considered by Carminati and McIntosh [18]. Exact solutions of string cosmology for
Bianchi type II, VI, VIII and IX space-times have been studied by Krori et al. [19] and
Wang [20]. Singh and Singh [21] investigated string cosmological models with magnetic
field in the context of space-time with G3 symmetry. Singh [22] has also studied string cos-
mological models with electromagnetic field in Bianchi type II, VIII and IX space-times.
Singh [23] also obtained static models of cosmic strings in general relativity. Lidsey, Wands
and Copeland [24] have reviewed aspects of super string cosmology with the emphasis on
the cosmological implications of duality symmetries in the theory. Recently Yadav et al. [25]
have studied some Bianchi type I viscous fluid string cosmological models with magnetic
field. Wang [26-29] has discussed LRS Bianchi type I and Bianchi type III cosmologi-
cal models for a cloud string with bulk viscous fluid. Baysal et al. [30] have investigated
the behavior of a string in the cylindrically symmetric inhomogeneous universe. Bali et al.
[31-34] have obtained Bianchi types I and IX string cosmological models in general relativ-
ity. Yavuz et al. [35] have examined charged strange quark matter attached to the string cloud
in the spherical symmetric space-time admitting one-parameter group of conformal motion.
Recently Kaluza-Klein cosmological solutions are obtained by Yilmaz [36] for quark matter
coupled to the string cloud in the context of general relativity. Reddy [37, 38], Reddy and
Naidu [39], Reddy et al. [40, 41], Rao et al. [42-45], Pradhan [46, 47], Pradhan and Mathur
[48], Pradhan et al. [49-51], Amirhashchi and Zainuddin [52], Tripathi et al. [53, 54] have
studied string cosmological models in different contexts. Recently, Amirhashchi and Zain-
uddin [55] have obtained Bianchi type III strings cosmological models for stiff and anti stiff
fluids.

The occurrence of magnetic fields on galactic scale is well-established fact today, and
their importance for a variety of astrophysical phenomena is generally acknowledged. Sev-
eral authors (Zeldovich [56], Harrison [57], Misner et al. [58], Asseo and Sol [59], Pu-
dritzand Silk [60], Kim et al. [61], Perley and Taylor [62] Kronberg et al. [63], Wolfe et
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al. [64], Kulsrud et al. [65] and Barrow [66] have pointed out the importance of magnetic
field in different context. As a natural consequences, we should include magnetic fields in
the energy-momentum tensor of the early universe. The string cosmological models with
a magnetic field are also discussed by Banerjee et al. [11], Chakraborty [12], Tikekar and
Patel [13, 14], Patel and Maharaj [16], Singh and Singh [21], Bail et al. [67, 68], Pradhan et
al. [69—-73]. Motivated the situations discussed above, in this paper, we shall focus upon the
problem of establishing a formalism for studying the massive string in Bianchi III space-
time. In this paper, we have investigated a new and general solution for Bianchi type-III
cosmological model for a cloud of strings and electromagnetic field which is different from
the other solutions. The paper is organized as follows. The metric and the field equations
are presented in Sect. 2. In Sect. 3, we deal with solution of the field equations with cloud
of strings and electromagnetic field. In Sect. 3.1 the field equations have been solved for
case of Reddy string. We describe some physical and geometric properties of the model in
Sect. 3.1.1. In Sect.3.1.2 we have given solution in absence of electromagnetic field which
has been followed by some physical and geometric properties of the model. In Sect. 3.2 the
field equations have been solved for case of Nambu or geometric string. We describe some
physical and geometric properties of the model in Sect. 3.2.1. In Sect. 3.2.2 we have given
solution in absence of electromagnetic field which has been followed by some physical and
geometric properties of the model. Finally, in Sect. 4, concluding remarks are given.

2 The Metric and Field Equations

‘We consider the Bianchi type III metric in the form
ds* = —dt* + A’dx* + B*e ™ dy* + C*dz7?, D

where A, B and C are functions of ¢ only. The energy momentum tensor for a cloud of
strings with perfect fluid distribution and electromagnetic field is taken as

T/ = (p+ p)uju’ + pgl —rxix’ + E/, 2)

where u; and x; satisfy conditions
wu=—x'x;=—1, u'x;=0, 3
p is the isotropic pressure, p is the proper energy density for a cloud string with particleg
attached to them, A is the string tension density, u' the four-velocity of the particles, and x'

is a unit space-like vector representing the direction of string.
In a co-moving coordinate system, we have

. . 1
u'=(0,0,0,1), x'= (0, 0, E,O). 4)

Here El:/ is the electromagnetic field given by

j 1 Im 1 Im
E; :E 8 Filem_Z mF"gij |- )
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We assume that magnetic field is in the x-y plane. Thus, the current is flowing along z-axis.
Therefor, Fy, is the only non-vanishing component of electromagnetic field tensor (Fj;).
Subsequently Maxwell equation

: 1
Fio+ Fui+ Fig=0 and [F*(—g)?], =0, (6)

lead to
Fip =ke ™, @)

where k is a constant so the magnetic field depends upon the space coordinate x only. From
(4), (5) and (6), it follows that Fi4 = 0. Now the non-vanishing components of E;; corre-
sponding to the line-element (1) are given by

1 2 1 k2 3 4 1 k2
B=b=gpop B=h="g op ®

The particle density of the configuration is also given by

p=pptAr 9
The Einstein’s field equations
1 .
R — ERg;’ =-8rT/, (10)
for the metric (1) lead to
B¢ e 2
Al L 11
R P~ g (1
A C AC k2
2 i - , 12
A ctac P ape (12)
A'+1§+AB LA (p— 1)+ K (13)
A B AB o« o ,
AT BT AB A P A’B?
AB+AC+BC o’ N k2 (14)
AB  AC BC o o ,
AB ' AC ' BC A? P Ape
A B as)
al——-=]=0.
A B

The expansion scalar 6 and the shear scalar o are given by

A C

O=u';=2—+—, 16

wp=22+5 (16)
1 .. 1/C AV

ol=-gjol == —-=), (17)
2 - 3\C A

where an overdot stands for the first and double overdot for the second derivative with re-
spect to ¢.
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3 Solution of the Field Equations

From (15) we get
A=mB. (18)

For simplicity and with out loss of generally, we assume m = 1.

The field equations (11)—(14) are a system of three equations with five unknown parame-
ters A, C, p, p, A as (11) and (12) are same under condition given by (18). two additional
constraints relating these parameters are required to obtain explicit solutions of the system.
We assume that the expansion € in the model is proportional to the shear o. This condition
leads to

A=C", 19)

where n is a constant.
From (11)—(14) we get

(20)

2D

The highly non-linear field equations can be solved for the following two types of geometric
strings

3.1 Case I (Reddy String)

In this case
p+r=0. (22)
From (20) and (21), we obtain

A C _AC _A2 &P K2
8 ANNV)=———=4+3—+4+2——-2——-3——. 23
T(p+4) A C + AC + A2 A2 A2B2 23)
By using (18) and (19), (23) can be written as
. 3n? +2n) C? 6k> 4o
26 4o B2 T gy T2 ol 24)
n—-1) C n—1) n—1)
. _ . . . > _ ’ ’_ d/
Let C = f(C) which implies that C = ff’, where f’ = J=. Therefore (24) reduces to
d  , f? 6k> 1—4 40 1—2
— L= [ B " 25
dc(f)+)/c =1 =1 (25)
where, y = 2(3(”’12%12)’”. Equation (25), after integration, reduces to
2 2
= 6k c20-2m 4a cX-m 4 c, (26)
mn—D(y —4n+2) n—1)(y —2n+2)
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where [j is an integrating constant. To get deterministic solution in terms of cosmic time ¢,
we suppose [y = 0. In this case (26) takes the form

fz — a2C72(2n71) + b2c2(17n)’ (27)
where
2 2
ot = ok - o . (28)
mn—D(y —4n+2) m—=—D(y —-2n+2)
Therefore, we have
crldc (29)
/a2 + b2C2
In this case integrating (27), we obtain
1
2042 _ 2N\ @
,  (nbtT—at\"
C = <T> . (30)
Hence, we have
2042 2
2 2 (1 b*t* —a
A"=B = (T) 31
Thus the metric (1) reduces to the form
2b412— 2 2b412— 2
dS2 = —dt2 + (%)d}cz + <%>e‘2°‘xdy2
1
n2b*2 — @\ n
N (71?2 ) dz. (32)
After using suitable transformation
X y b4
=X, <=, = =2, t=T, 33
b b P B (33)

the metric (32) reduces to
ds? = —%dﬂ £ (T2 — adX? + (T? — e 2dY? + (T? —a®)7d 7%, (34)
where 8 = nb?.
3.1.1 The Geometric and Physical Significance of Model
The pressure (p), the energy density (p), the string tension (1), the particle density (p,),

the scalar of expansion (), the shear (o) and the proper volume (V?3) for the model (34)
are given by

1 Sl
87p = — [(” nt >T2+k2+b4], (35)

(T2 _a2)2 n2

1 n+2  5o\o0 2,4, 2,0 2
8np:(T2_a2)2|:< p —oeb)T —k°b" +aba” |, (36)
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8 = ﬁ [<a2b2 - "%) T? + k*b* — a2b2a2], (37)
8ty =2 ! 7 [(" :LL 2 a2b2> T - K°b* + 2a2b2a2], (38)
o2 %(l ;n>2(T2i2a2)2’ w0
V3=«/—_g=e‘5”~*(Tzl;“2>2”"H. 1)

From (39) and (40), we obtain

o? _ n—1)7>

— = -———— = constant. 42
0% 3(n+2)? “2)
The deceleration parameter is given by
RR 3n T*—a? 6
=———=—-1- , 43
=% ZT R R P @)

where R? = A2C is the spatial average scalar factor. From (43), we observe that

3 2
g<0 ifT?> 4 (44)
S5n—1)
and
0 T < (45)
i 5i—1)
also for the condition
2
T = n”f 1 (46)
q = —1 as in the case of de-sitter universe. The energy conditions, p, > 0 and p > 0 lead to
) k2b4 _ O[2172612
T >n———m—— an

n—nalb?+2°

The model (3) starts with a big bang at T = a. The expansion in the model decreases as time
increases. The proper volume of the model increases as time increases. Since g = constant,
hence the model does not approach isotropy. There is a Point Type singularity (MacCallum

. .. 2 . . .
[74]) in the model at T = a. For the condition 7?2 > 5?:31) , the solution gives accelerating
3na?

o) our solution represents decelerating model

model of the universe whereas when 72 <
of the universe.

According to Refs. [1] and [19], when ";—1" > 1, in the process of evolution, the universe
is dominated by massive strings, and when ";—"l < 1, the universe is dominated by the strings.
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In this case from (37) and (38), we obtain

Pp
L _2>1. (48)
|A]

Thus, in our model, the universe is dominated by massive strings throughout the whole
process of evolution.

3.1.2 Solutions in Absence of Magnetic Field
In absence of magnetic field, i.e. when a — 0 i.e. K — 0, we obtain
C?=(mpH)r, (49)
and
A% = B> =npr*. (50)
Hence, in this case, the geometry of the universe (34) reduces to
ds? = —di® + (Br2)dx® + (nBr2)e **dy* + (npr®)n dz?, (51)
which after using a suitable transformation of coordinates
x=X, y=Y, z=Z,  J/npr=T, (52)

the model (51) reduces to

dT?
ds? = — ot T2dX* + T?e X4y + Trd 7>, (53)

The pressure (p), the energy density (p), the string tension (1), the particle density (p,),
the scalar of expansion (@), the shear (o) and the proper volume (V?) for the model (53)
are given by

2 4\ 1
Sp = 4(%) - (54)
2\ 1 a?
87p =4 1+; 73T (55)
o? 2\ 1
8ﬂl:ﬁ—4<l+;>ﬁ, (56)
2\ 1 o?
2n+1\ 1
9=2< nt >?, (58)
n
, 41 1
V3 = e 2eX 235 (60)
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From (58) and (59), we get

2

o
7= constant. (61)

The deceleration parameter is given by

RR 3n

q:—ﬁz—lﬁ-m. (62)
From (62), we observe that
qg<0 ifn>-=2, (63)
and
qg>0 ifn<-=-2. (64)

The energy conditions, p, > 0 and p > 0 lead to

Olz

Tz4(1+%). (65)
The model (53) starts with a big bang at T = 0. The expansion in the model decreases as time
increases. The proper volume of the model increases as time increases. Since g = constant,
hence the model does not approach isotropy. There is a Point Type singularity (MacCallum
[74]) in the model at T = 0. For the n > —2, the solution gives accelerating model of the
universe whereas for n < —2, our solution represents decelerating model of the universe.
We also see that for the condition T2 < 4(’,'1"ij) A >0,and for 7?2 > 4(’;0;21), A <O.
From (56) and (57) we obtain

pp
e, N (66)
||

Therefore, in this case, the universe is dominated by massive strings throughout the whole
process of evolution.

3.2 Case II (Nambu or Geometric String)

In this case

p—Ar=0. (67)
From (20) and (21) we obtain
cC A _AC K
—A)=— — — e _
8w (o —A) c 2 +3AC + yoE (68)

By using (18) and (19), (68) can be written as

= _c'=, (69)

n—1 cC n-1

.. 2 _4n\C?  2k2
2C+2<" ")——

b _ . . . pAd _ _ df
Let C = f(C) which implies that C = ff’, where f’ = 5. Therefore (69) takes the form

f2 2k2 C1—4n

d .
TN e = (70)
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which on integrating leads to

dc

\/[_ 22 ca1-2m) 42" 4”)]

2n24+3n+1

(71)

where [ is a positive integrating constant. Hence the model (1) is reduced to
dc?
2% 2(1-2n) —o(12n)
[ 2n24+3n+1 ¢ M +IC 1 ]

+CVdx? 4+ C¥e*dy* + CPdZ’. (72)

ds®> = —

After using suitable transformation the model (72) reduces to
dT?

2
__ %2 201-2 2=
[ 2n2+3n+1 r20=m 1T 1 ]

ds®> = —

+ T%dx* + T e ***dy” + T7dz’. (73)
3.2.1 The Geometric and Physical Significance of Model

The pressure (p), the energy density (p), the string tension (1), the particle density (o),
the scalar of expansion (#), the shear (o) and the proper volume (V3) for the model (73)
are given by

n2-3n—1 3}’12 + 2n—2
87p = —[n® =2+ DUT 1) 42 == 2T, 74
ap = —In* =20+ 1)] +2( 5 (74)
8\ =8mp
Yl Vl 3 2 5 1
= 2 2R o ST e
pop = 0, (76)
1
Vl Vl k2 7
9=Cn+ DT 2T o pan|” 77
(@n+ )[ 202 430+ 1 7
(n —1)? 2 3,1 k>
i bl e e, FE——— U (78)
3 2n2+3n+1
V3 — /_g — X T2n+]. (79)
From (77) and (78), we obtain
o? n—1)>
i T o constant. (80)
The deceleration parameter is given by
. _ n 311 ] n— _4n

RR ( 3 >|:IT B _2(2n;+3j+1)k2T ) :| (81)

q = —_—— = .

R? 2n+1 a(nl=dnl) K2 —4n
T 2(2n2+3n+1)T *
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From (81), we observe that

Pin 2(4n —3
g <0 ifrrEh 2= (82)
122 +3n+ 1)
and
Pin 2(4n —3
g>0 if T2 S (4n = 3) (83)

12n?24+3n+1)"

Also we see that for the condition

n2n+1 14n — 8
T »1 = , (84)
[2n24+3n+1)(n+2)

g = —1 as in the case of de-sitter universe. The energy condition p > 0 leads to
2
T2(2”"T+ll) > 1 2 3n"+5n+2 k2T72n _aZ . (85)
~ I(n2+2n) 2n2+3n+1

The model (73) starts with a big bang at T = 0. The expansion in the model decreases as time
increases. The expansion in the model stops at 7 = oco. When T — 0 then p — 00, A — o0.
When T'— oo then p — 0, A — 0. Also p - oo when T'— 0 and p — 0 when T — oo.

Since % = constant, the model does not approach isotropy. There is a Point Type singularity

Ilz n
(MacCallum [74]) in the model at T = 0. For the condition 7252 h < 23 ihe

12n243n+1)°
i ) . . p(nPantly 24n=3)
solution gives accelerating model of the universe whereas when 7° »-T 7’ > TG
our solution represents decelerating model of the universe.
From (55) and (56), we obtain
Pp
= (86)
2]
Hence, in this case the strings dominate over the particles.
3.2.2 Solutions in Absence of Magnetic Field
In absence of magnetic field, i.e. when K — 0, the metric (73) reduces to
2 dCZ 2n 2 2n ,—2ax 2 2.2
ds*=————5——+T"dx"+T"e dy 4+ T=dz". 87)
[1c72=0]

The pressure (p), the energy density (p), the string tension (1), the particle density (o),
the scalar of expansion (), the shear (o) and the proper volume (V?) for the model (87)
are given by

n2—3n—
8rp = —[n* —2(n + HUT 21, (88)
n2—3n—
87h = 8mp = (n> 4+ 2n)IT X = a?T7, (89)
pp =0, (90)
2 n2-3n—1 1
0=Qn+ DT )7, ©n
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(n — 1)2 _ n2-3n—1
ol = T[lT T, (92)

V3= /—g=e T, 93)

From (91) and (92), we obtain
2

o
9—2 = constant. %94)
The deceleration parameter is given by
_ RR _( 3 ©5)
=% “\m+1)
From (95), we observe that
1
qg<0 ifn<—§, (96)
and
. 1
q>0 1fn>—§. 97)
Also we see that for
n=-2, (98)
g = —1 as in the case of de-sitter universe. The energy condition, p > 0 leads to
T 2":') > o (99)
~In?+2n)

The model (85) starts with a big bang at T = 0. The expansion in the model decreases as time
increases. The expansion in the model stops at 7 = oco. When T — 0 then p — 00, A — 00.
When T'— oo then p — 0, A — 0. Also p — co when T'— 0 and p — 0 when T — oo.
Since § = constant, the model does not approach isotropy. There is a Point Type singularity
(MacCallum [74]) in the model at T = 0. For n < —% the solution gives accelerating model
of the universe whereas when n > —1, our solution represents decelerating model of the

2 9
universe.

4 Conclusion

In this paper we have presented a new solution of Einstein’s field equations for Bianchi
type-III space-time with a cloud of strings in presence of perfect fluid and electromagnetic
field. We have considered two cases (i) Reddy String and (ii) Nambu String in presence
and absence of magnetic field. In the first case our model starts with a big bang at T = a
in presence of magnetic field whereas in the absence of magnetic field the model has a big
bang singularity at 7 = 0. In the case (ii) the models have big bang singularity at 7 = 0
in presence and absence of magnetic field. In both cases our models are in accelerating
phase under appropriate conditions. In case (i) the universe is dominated by massive strings
throughout the whole process of evolution in presence and absence of magnetic field. But it
is observed that in case (ii) the string dominates over the particle. In both cases the models
do not approach isotropy. Our models are realistic and new to the others.
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